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Palladium hydrides display the largest isotope effect anomaly known in literature. Replacement
of hydrogen with the heavier isotopes leads to higher superconducting temperatures, a behavior in-
consistent with harmonic theory. Solving the self-consistent harmonic approximation by a stochastic
approach, we obtain the anharmonic free energy, the thermal expansion and the superconducting
properties fully ab initio. We find that the phonon spectra are strongly renormalized by anharmonic-
ity far beyond the perturbative regime. Superconductivity is phonon mediated, but the harmonic
approximation largely overestimates the superconducting critical temperatures. We explain the
inverse isotope effect, obtaining a -0.38 value for the isotope coefficient in good agreement with
experiments, hydrogen anharmonicity being the main responsible for the isotope anomaly.
PACS numbers: 74.20.Pq,63.20.Ry,74.25.Kc
The explanation of the ion-mass isotope effect in
phonon-mediated superconductors is one of the great-
est success of BCS theory [1]. In a BCS superconduc-
tor composed of only one type of ions of mass M , the
superconducting critical temperature (Tc) is expected to
behave as Tc ∝M−α, where α = 0.5 is the isotope coeffi-
cient. In conventional superconductors with more atomic
species, the total isotope coefficient should also be close
to 0.5. However, in many superconductors like MgB2 [2],
fullerides [3] or high-Tc cuprates [4–6] the isotope coeffi-
cient is substantially reduced and, in the most extreme
case of palladium hydrides (PH), it is even negative [7–9].
An isotope coefficient α = 0.5 relies on the following
assumptions: (i) the phonon frequencies are harmonic,
consequently, (ii) the electron-phonon interaction is mass
independent, and (iii) the electron-electron interaction
is not affected by the isotope substitution. Thus, a re-
duced isotope effect can either be the fingerprint of a
non-conventional mechanism (e.g. spin-fluctuations or
correlated superconductivity) or the breakdown of one of
these assumptions (e.g. anharmonicity). In both cases,
the superconducting state is considered anomalous and
current state-of-the-art calculations do not quantitatively
account for the behavior of Tc as a function of the isotope
mass. This is due to the difficulties of dealing either with
non-conventional mechanisms or with anharmonicity.
Here we consider the most pathological case present in
literature, the inverse isotope effect in PH. PdH has Tc =
8−9K [7, 8]. Hydrogen substitution with the heavier deu-
terium leads to a higher Tc, as Tc(PdD) ≈ 10−11K [7, 8],
leading to α = −[lnTc(PdD) − lnTc(PdH)]/ln2 ≈ −0.3.
Remarkably, PdT has a higher Tc than PdD, but there
is no experimental value at full stoichiometry [9]. A
considerable theoretical and experimental effort [10–
22] has been devoted to explain this phenomenon over
the last decades. Karakozov et al. [10], in a pioneering
work, studied anharmoniciy in PH in the framework of
perturbation theory to the bare harmonic phonon fre-
quency and concluded that the negative isotope effect
could be due to anharmonicity, as other authors sug-
gested later [20]. Other explanations based on electronic
properties [17], zero-point motion [22] and volume ef-
fects [21] have been invoked as well. Inelastic neutron
scattering experiments [15] show strongly temperature
dependent phonon lifetimes, a clear fingerprint of anhar-
monicity. Furthermore, ab initio total energy calcula-
tions [19, 20] suggest that the potential felt by the hy-
drogen atoms is very anharmonic. Nevertheless, no state-
of-the-art calculations of the electron-phonon interaction
and anharmonicity are present so that the interplay of
these effects is still unclear.
In this work we study the occurrence of phonon-
mediated superconductivity in PH and show that the
inverse isotope effect is quantitatively explained by the
inclusion of anharmonicity. Anharmonicity is so large
that perturbative approaches [10, 23–25] are not feasi-
ble in PH. To solve this issue, we implement the self-
consistent harmonic approximation (SCHA) [26] within
a first-principles approach. Differently from other meth-
ods developed to deal with anharmonic effects [27–29],
our method allows to access directly the anharmonic free
energy of the system, with full inclusion of the anhar-
monic potential terms, and is variational in the free en-
ergy with respect to a trial harmonic potential. More-
over, compared to other implementations of the SCHA
[30, 31], we replace the cumbersome calculation of an-
harmonic coefficients by the evaluation of atomic forces
on supercells with suitably chosen stochastic ionic con-
figurations.
The ionic Hamiltonian is H = T + V , where T and
V are the kinetic and potential energy operators. In the
adiabatic approximation the potential is defined by the
Born-Oppenheimer (BO) energy surface. Then, the free
energy of the ionic system can be calculated as FH =
− 1β lnZH , where the partition function is ZH = tr[e−βH ]
and β = 1/(kBT ). A quantum variational principle in
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2the free energy can be established for an arbitrary trial
Hamiltonian H = T + V as [26]
FH ≤ FH [H] = FH +
∫
dR[V (R)− V(R)]ρH(R), (1)
where ρH(R) = 〈R|e−βH|R〉/ZH is the probability to
find a system described by H in a general R ionic con-
figuration. The equality holds for H = H. The SCHA
takes a harmonic V and minimizes FH [H] with respect to
it [26]. One advantage of taking a harmonic potential is
that FH and ρH(R) can be expressed in a closed form in
terms of the phonon frequencies and polarizations [32].
In particular, ρH(R) is Gaussian and is given as
ρH(R) = AH exp
− ∑
stαβµ
√
MsMt
2a2µH
sαµH
tβ
µHu
sαutβ
 ,
(2)
where AH is the normalization constant, s and t are atom
indexes, α and β Cartesian indexes, µ is a mode index, M
denotes the mass of an atom, u = R−Req is the displace-
ment from equilibrium, a2µH = ~ coth(β~ωµH/2)/(2ωµH),
and {ωµH} and {sαµH} represent the phonon frequencies
and polarizations defined by H.
As long as the equilibrium positions are fixed by sym-
metry, as in PH, minimizing FH [H] with respect to V is
equivalent to performing the minimization with respect
to the force constant matrix C, which defines the trial
harmonic potential as V = 12
∑
stαβ u
sαCαβst u
tβ . The
minimization is carried through the components of C in
the basis of N ×N hermitian matrices preserving crystal
symmetries, where N is the number of modes. We min-
imize FH [H] by a conjugate-gradient (CG) algorithm,
which requires the knowledge of the gradient ∇FH [H]
with respect to C:
∇FH [H] = −
∑
stαβ
EstαβH
∫
dRf˜sαH (R)u
tβρH(R), (3)
where EstαβH =
∑
µ
√
Mt/Ms(
sα
µH∇ ln aµH +∇sαµH)tβµH,
and f˜sαH (R) = f
sα(R)−fsαH (R) is the difference between
the force on the s-th atom along the direction α, fsα(R),
and the harmonic force derived from V, fsαH (R). At each
step j of the CG minimization, the trial harmonic Hamil-
tonian is updated to Hj , till the minimum is found. At
the minimum, the {ωµH} frequencies form the SCHA
phonon spectrum renormalized by anharmonicity
In our stochastic SCHA (SSCHA) approach, both
FH [H] and ∇FH [H] are calculated making use of im-
portance sampling and reweighting techniques. We start
defining an initial trial H0 harmonic Hamiltonian and
creating a set of {RI}I=1,...,Nc ionic configurations in
a supercell according to the ρH0(R) distribution given
in Eq. (2). These configurations are trivially created
making use of random numbers generated with a Gaus-
sian distribution. Secondly, we calculate the BO energy
and the atomic forces for each random configuration RI ,
V (RI) and f
sα(RI), respectively. This allows us to eval-
uate the integrals in Eqs. (1) and (3) as an average of
the integrands over the Nc configurations (importance
sampling). Thus, we can compute the free energy and its
gradient, and perform the first CG step to obtain H1. In
principle we should reevaluate BO energies and forces for
the supercell at each CG step j, a very time-demanding
task as generally hundreds of steps are needed to con-
verge. This can be avoided with a reweighting proce-
dure. We introduce the reweighting ρHj (RI)/ρH0(RI)
factor (equal to one in the first j = 0 step) in the im-
portance sampling evaluation of the integrals. Namely,
FH [Hj ] and ∇FH [Hj ] are obtained as:
FH [Hj ] ' FHj +
1
Nc
Nc∑
I=1
[V (RI)−Vj(RI)]
ρHj (RI)
ρH0(RI)
, (4)
∇FH [Hj ] ' −
∑
stαβ
EstαβHj
1
Nc
Nc∑
I=1
f˜sαHj (RI)u
tβ
I
ρHj (RI)
ρH0(RI)
,
(5)
where the equality holds for Nc → ∞. Including the
reweighting factor, we can use the BO energies and forces
of the configurations created with the initial ρH0(R) dis-
tribution also for the following j CG iterations. However,
if 1Nc
∑Nc
i=1 ρHj (Ri)/ρH0(Ri) deviates substantially from
one, FH [Hj ] and ∇FH [Hj ] cannot be accurately evalu-
ated anymore as the initial set of configurations does not
represent closely ρHj (R). When this occurs, we use the
probability distribution of the current step, ρHj (R), to
create a new set of configurations for which we recompute
atomic forces and BO energies to be used in the present
and subsequent CG iterations. The process continues till
the gradient vanishes.
We apply this method to stoichiometric PdH, PdD and
PdT. Total energies, atomic forces, harmonic phonons
and deformation potentials needed for the Eliashberg
functions are computed with density-functional theory
(DFT) and linear response [34, 35]. We use the Perdew-
Zunger local-density approximation [36] and ultrasoft
pseudopotentials [37].
We first demonstrate the capability of our developed
method to obtain the free energy as a function of tem-
perature. We calculate FH [H] and ∇FH [H] from a
model potential combining the ab initio harmonic po-
tential with a fourth-order on-site anharmonic potential
fitted to the DFT total energies [38]. The potential sat-
isfies the symmetries of the rock-salt structure [19] and
has also been used to study cubic ferroelectrics [39]. In
this system anharmonic forces are short-range and, con-
sequently, phonon dispersions calculated with the model
potential and with ab initio forces are in close agreement
(see Supplemental Material). The use of the model al-
lows us to estimate the free energy at several volumes and
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FIG. 1. (Color online) Equilibrium lattice parameters as a
function of temperature for PdH, PdD and PdT compared
to experimental results [13, 21]. In the inset the calculated
thermal expansion coefficients are shown together with the
measured values in Ref. [33].
temperatures very efficiently. Minimizing the free energy
we obtain the lattice parameter of each isotope as a func-
tion of temperature. The absolute values of the lattice
parameters and the thermal expansion coefficients, Fig.
1, are in good agreement with measurements [13, 21, 33].
Once the equilibrium volumes are determined, we ob-
tain the SSCHA phonon dispersions computing the forces
on the {RI}I=1,...,Nc configurations completely from first
principles [38], overcoming the approximation of a model
potential. The results are shown in Fig. 2 and compared
with available experimental data on deuterium and tri-
tium deficient samples. The breakdown of the harmonic
approximation is evident in all systems, particularly in
PdH and PdD displaying imaginary phonon frequencies.
The anharmonic correction given by the SSCHA is larger
than the harmonic phonon frequency itself, invalidating
any possible perturbative approach. Interestingly, both
the low-energy acoustic and high-energy optical modes
are affected by anharmonicity even if the largest correc-
tion involves the H-character optical modes. At zone cen-
ter the PdH optical modes are degenerate at 488 cm−1, in
good agreement with inelastic neutron and Raman exper-
iments [11–14] (around 450-472 cm−1 at different tem-
peratures and H concentrations). Since the H atom is
smaller than the octahedral void in the Pd fcc lattice, hy-
drogen vibrations are characterized by very anharmonic
rattling modes. This is confirmed by the weak mass de-
pendence of the root-mean square displacement of hydro-
gen (0.55 a.u. in PdH, 0.48 a.u. in PdD and 0.44 a.u.
in PdT at 0 K), which does not scale according to the
harmonic M−0.5 relation.
From the calculated phonon spectra we obtain the
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FIG. 2. (Color online) Harmonic and SSCHA phonon spectra
calculated for PdH (a), PdD (b) and PdT (c) at the equilib-
rium volume at 0 K. The experimental results obtained for
non-stoichiometric PdD0.63 [15] and PdT0.70 [16] are shown.
In the right panels the PDOS projected onto Pd and H atoms
is plotted within the harmonic approximation (dotted lines)
and the SSCHA (solid lines).
Eliashberg function as
α2F (ω) =
1
N(0)NkNq
∑
kqnm
∑
stαβµ
sαµ (q)
tβ∗
µ (q)
2ωµ(q)
√
MsMt
×dsαkn,k+qmdtβ∗kn,k+qmδ(kn)δ(k+qm)δ(ω − ωµ(q)),(6)
where dsαkn,k+qm = 〈kn|δV/δusα(q)|k + qm〉 is the de-
formation potential, |kn〉 is a Kohn-Sham state with en-
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FIG. 3. (Color online) α2F (ω) and λ(ω) =
2
∫ ω
0
dω′α2F (ω′)/ω′ for (a) PdH, (b) PdD and (c) PdT within
the harmonic approximation and the SSCHA.
ergy kn measured from the Fermi level (F ), Nk and
Nq are the number of electron and phonon momentum
points used for the Brillouin-zone (BZ) sampling, and
N(0) is the density of states per spin at F . We com-
pute α2F (ω) in the harmonic or anharmonic case by
using the harmonic or SSCHA phonon frequencies and
polarizations in Eq. (6). The electron-phonon coupling
constant λ, as well as the logarithmic frequency aver-
age ωlog, are obtained as λ = 2
∫∞
0
dωα2F (ω)/ω and
ωlog = exp(
2
λ
∫∞
0
dωα2F (ω) lnω/ω) [40]. We estimate
Tc from the solution of the single-band Migdal-Eliashberg
equations, using µ∗ = 0.085 as calculated in Ref. [18]. In
the harmonic approximation the equilibrium volume of
PdT is used for all isotopes as, in this case, there are no
imaginary phonons. α2F (ω) functions are shown in Fig.
3 and the results for Tc are presented in Table I.
In the harmonic approximation λ is independent of the
mass and the isotope coefficient is determined by ωlog.
Thus, the heavier the isotope the lower Tc and α is close
to 0.5. The harmonic approximation strongly overesti-
mates Tc, predicting very high values for all compounds.
This overestimation is due to the very soft H-character
vibrations that contribute as λ ∝ ω−2 to the electron-
phonon coupling, leading to extraordinary values for λ.
This is evident from the comparison between the phonon
density of states (PDOS), Fig. 2, and α2F (ω), Fig. 3.
In the SSCHA, both λ and, consequently, Tc are sub-
stantially reduced due to the enhancement of the fre-
quencies induced by anharmonicity. The hardening is
more important the lighter the isotope as lighter atoms
feel the potential farther away from equilibrium because
of the fluctuations of the zero-point motion. This makes
λ mass-dependent and larger the heavier the isotope. Re-
markably, the differences in λ explain the inverse isotope
effect in Tc and the value we obtain for the isotope co-
efficient α is in good agreement with experiments (see
Table I). The obtained Tc’s are close to experimental re-
sults even if no anharmonic corrections were incorporated
into the deformation potential. As noted by α2F (ω) and
the integrated electron-phonon coupling λ(ω) in Fig. 3,
H-character optical modes have the largest contribution
to λ, between 75% and 79% of the total depending on the
isotope. The contribution of the low-energy Pd-character
acoustic modes is similar for the three hydrides. Thus, we
conclude that superconductivity and the inverse isotope
effect in PH is driven by hydrogen anharmonicity.
In summary, we present a stochastic implementation of
the SCHA that allows us to treat anharmonic effects in
the non-perturbative regime. The method gives access
directly to the free energy of the system and is varia-
tional in the free energy with respect to a trial harmonic
Hamiltonian. The method is applied to PH calculat-
ing the free energy, the thermal expansion, the anhar-
monic phonon spectra and the superconducting proper-
ties. We demonstrate that superconductivity in PH is
phonon-mediated and the anomalous inverse isotope ef-
fect is due to the large anharmonicity of hydrogen vibra-
tions, which is impossible to treat within perturbation
theory. Our findings open new perspectives in the inter-
pretation of reduced isotope effects in superconductors.
Moreover, we demonstrate that anharmonicity induces a
huge suppression of Tc, almost a factor of 10 in PdH.
This poses the question of whether harmonic Tc calcula-
tions in high-pressure metallic hydrides [41] are overes-
timated [23], in particular, in the very similar PtH [42].
TABLE I. Calculated λ, ωlog and Tc values for PH. ωlog values
are given in cm−1 and Tc’s in K. Experimental values for
Tc [7, 8] are presented as well. The value of α between isotopes
PdA and PdB is calculated as αPdA(B) = −(lnTc(PdB) −
lnTc(PdA))/(lnMB − lnMA).
Harmonic SSCHA Exp.
λ ωlog Tc λ ωlog Tc Tc [7] Tc [8]
PdH 1.55 205 47 0.40 405 5.0 9 8
PdD 1.55 150 34 0.46 304 6.5 11 10
PdT 1.55 125 30 0.48 257 6.9
αPdH(D) 0.47 -0.38 -0.29 -0.32
αPdH(T) 0.41 -0.29
5More generally, our methodological developments will al-
low to investigate strongly anharmonic systems in the
non-perturbative regime, ranging from ferroelectrics [39],
charge-density wave systems [43], and many more.
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